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$ 6LPSOH 3URRI RI WKH &RPSOHWHQHVV RI APAL
3KLOLSSH %DOELDQL
,QVWLWXW GH UHFKHUFKH HQ LQIRUPDWLTXH GH 7RXORXVH ,5,7 ± &156 8QLYHUVLW\ RI 7RXORXVH
SKLOLSSHEDOELDQL#LULWIU
+DQV YDQ 'LWPDUVFK
/25,$ ± &156 8QLYHUVLW\ RI /RUUDLQH
KDQVYDQGLWPDUVFK#ORULDIU
$EVWUDFW :H SURYLGH D VLPSOH SURRI RI WKH FRPSOHWHQHVV RI DUELWUDU\ SXEOLF DQQRXQFHPHQW
ORJLF APAL 7KH SURRI LV DQ LPSURYHPHQW RYHU WKH SURRI IRXQG LQ >@
 ,QWURGXFWLRQ
,Q >@ $UELWUDU\ 3XEOLF $QQRXQFHPHQW /RJLF APAL LV SUHVHQWHG 7KLV LV DQ
H[WHQVLRQ RI WKH ZHOONQRZQ SXEOLF DQQRXQFHPHQW ORJLF >@ ZLWK TXDQWLILFDWLRQ RYHU
DQQRXQFHPHQWV 7KH ORJLF LV D[LRPDWL]HG EXW WKH FRPSOHWHQHVV SURRI PD\ EH FRQVLG
HUHG UDWKHU FRPSOH[ 7KH FRPSOHWHQHVV LV VKRZQ E\ HPSOR\LQJ DQ LQILQLWDU\ D[LRP
DWL]DWLRQ WKDW LV WKHQ VKRZQ WR EH HTXLYDOHQW LW SURGXFHV WKH VDPH VHW RI WKHRUHPV
WR D ILQLWDU\ D[LRPDWL]DWLRQ 7KH FRPSOHWHQHVV SURRI LQ >@ FRQWDLQHG DQ HUURU LQ WKH
7UXWK /HPPD LQYROYLQJ D FRPSOH[LW\ PHDVXUH 7KLV HUURU KDV EHHQ FRUUHFWHG LQ >@
E\ H[SDQGLQJ WKDW FRPSOH[LW\ PHDVXUH
$QRWKHU VRXUFH RI FRQIXVLRQ LQ >@ DOWKRXJK WKHUH ZDV QR HUURU LQYROYHG FRQ
FHUQHG WKH HPSOR\PHQW RI PD[LPDO FRQVLVWHQW WKHRULHV LQVWHDG RI PD[LPDO FRQVLV
WHQW VHWV D PRUH FRPPRQ WHUP LQ PRGDO ORJLF DQG D QXPEHU RI SURSHUWLHV VKRZQ IRU
:H DFNQRZOHGJH XVHIXO GLVFXVVLRQV RQ WKH FRPSOHWHQHVV RI APAL ZLWK -LH )DQ :LHEH YDQ GHU
+RHN DQG %DUWHOG .RRL 6SHFLDO WKDQNV JR WR -LH )DQ IRU FDUHIXO UHDGLQJ RI WKH PDQXVFULSW DQG FRUUHFW
LQJ DQ HUURU LQ WKH GHILQLWLRQ RI WKH d✷ PHDVXUH :H WKDQN WKH UHYLHZHUV RI WKH MRXUQDO IRU WKHLU LQVLJKWIXO
FRPPHQWV DQG FRUUHFWLRQV +DQV YDQ 'LWPDUVFK LV DOVR DIILOLDWHG WR ,06F &KHQQDL DV UHVHDUFK DVVR
FLDWH +H DFNQRZOHGJHV VXSSRUW IURP (5& SURMHFW (36 
7KH OHPPD LV DV IROORZV /HW ϕ EH D IRUPXOD LQ Lapal 7KHQ IRU DOO PD[LPDO FRQVLVWHQW WKH
RULHV x DQG IRU DOO ILQLWH VHTXHQFHV ~ψ = ψ1, . . . , ψk RI IRUPXODV LQ Lapal VXFK WKDW ψ1 ∈ x . . .
[ψ1] . . . [ψk−1]ψk ∈ x Mc|~ψ, x |= ϕ LII [ψ1] . . . [ψk]ϕ ∈ x 7KH SURRI LV E\ LQGXFWLRQ RQ ϕ 7KH
SUREOHP LV WKDW LQ H[SUHVVLRQ Mc|~ψ, x |= ϕ WKH UHVWULFWLRQ Mc|~ψ RI WKH FDQRQLFDO PRGHO Mc FDQQRW
EH DVVXPHG WR H[LVW DOWKRXJK ZH KDYH DVVXPHG WKDW ψ1 ∈ x . . . DQG WKDW [ψ1] . . . [ψk−1]ψk ∈ x ZH
GLG QRW DVVXPH WKDWMc, x |= ψ1 « DQG WKDWMc, x |= [ψ1] . . . [ψk−1]ψk 7KH ODWWHU ZRXOG EH QHHGHG
WR JXDUDQWHH WKDW H[LVWHQFH %XW WKH LQGXFWLRQ ZDV RQO\ RQ ϕ DQG QRW RQ ψ1 « DQG [ψ1] . . . [ψk−1]ψk
DV ZHOO %\ H[SDQGLQJ WKH FRPSOH[LW\ PHDVXUH XVHG LQ WKH 7UXWK /HPPD WR LQFOXGH WKH IRUPXODV LQ WKH
VHTXHQFH ψ1 . . . [ψ1] . . . [ψk−1]ψk DV ZHOO WKH PDWWHU FDQ EH FRUUHFWHG
PD[LPDO FRQVLVWHQW WKHRULHV :KLOH UHSDLULQJ WKH FRPSOHWHQHVV SURRI DQG ZKLOH DOVR
FRQVLGHULQJ DGGLWLRQDO SURSHUWLHV RI WKH FDQRQLFDO PRGHO ZH IRXQG DQRWKHU FRPSOHWH
QHVV SURRI WKDW WKH UHDGHU PD\ FRQVLGHU PRUH GLUHFW DQG PRUH HOHJDQW WKDQ WKH RQH LQ
> @ 7KLV LV SUHVHQWHG LQ WKLV ZRUN LQFOXGLQJ VRPH IXUWKHU UHVXOWV IRU WKH FDQRQLFDO
PRGHO
 6\QWD[
/HW Atm EH D FRXQWDEOH VHW RI DWRPV ZLWK W\SLFDO PHPEHUV GHQRWHG p q HWF
DQG Agt EH D FRXQWDEOH VHW RI DJHQWV ZLWK W\SLFDO PHPEHUV GHQRWHG a b HWF
'HILQLWLRQ  /DQJXDJH RI $3$/ 7KH VHW Lapal RI DOO IRUPXODV ZLWK W\SLFDO PHP
EHUV GHQRWHG ϕ ψ HWF LV LQGXFWLYHO\ GHILQHG DV IROORZV ZKHUH p ∈ Atm DQG
a ∈ Agt
ϕ ::= p | ⊥ | ¬ϕ | (ϕ ∨ ψ) | Kaϕ | [ϕ]ψ | ✷ϕ.
:H GHILQH WKH RWKHU %RROHDQ FRQVWUXFWV DV XVXDO 7KH IRUPXODV Kˆaϕ 〈ϕ〉ψ DQG
✸ϕ DUH REWDLQHG DV DEEUHYLDWLRQV Kˆaϕ IRU ¬Ka¬ϕ 〈ϕ〉ψ IRU ¬[ϕ]¬ψ DQG ✸ϕ IRU
¬✷¬ϕ :H DGRSW WKH VWDQGDUG UXOHV IRU RPLVVLRQ RI WKH SDUHQWKHVHV *LYHQ D IRUPXOD
ϕ WKH VHW RI DOO VWULFW VXEIRUPXODV RI ϕ LV GHQRWHG E\ Sub(ϕ) DQ HOHPHQWDU\ LQGXF
WLYH GHILQLWLRQ LV RPLWWHG :H ZULWH ϕ <Sub ψ LII ϕ ∈ Sub(ψ) :H ZLOO VD\ WKDW D
IRUPXOD ϕ LV✷IUHH LII Sub(ϕ)∪{ϕ} FRQWDLQV QR IRUPXOD RI WKH IRUP✷ψ $ IRUPXOD
ϕ LV VDLG WR EH [·]IUHH LII Sub(ϕ) ∪ {ϕ} FRQWDLQV QR IRUPXOD RI WKH IRUP [ψ]χ :H
ZLOO VD\ WKDW D IRUPXOD ϕ LV HSLVWHPLF LII ϕ LV ERWK ✷IUHH DQG [·]IUHH 7KH VHW Lpal LV
WKH VHW RI DOO ✷IUHH IRUPXODV 7KH VHW Lel LV WKH VHW RI DOO HSLVWHPLF IRUPXODV
2I FUXFLDO LPSRUWDQFH LQ WKH FRPSOHWHQHVV SURRI LV D SURSHU FRPSOH[LW\ PHDVXUH
RQ IRUPXODV 7KH RQH ZH QHHG LV EDVHG RQ D SDUWLDO RUGHU<Size SURYLGLQJ D ZHLJKWHG
FRXQW RI WKH QXPEHU RI V\PEROV DQG RQ D SDUWLDO RUGHU <d✷ FRXQWLQJ WKH QXPEHU RI
VWDFNHG ✷ RSHUDWRUV LQ D IRUPXOD
'HILQLWLRQ  6L]H 7KH VL]H RI D IRUPXODϕ LQ V\PEROVSize(ϕ) LV WKH QRQQHJDWLYH
LQWHJHU LQGXFWLYHO\ GHILQHG DV IROORZV
 Size(p) = 1
 Size(⊥) = 1
 Size(¬ϕ) = Size(ϕ) + 1
 Size(ϕ ∨ ψ) = Size(ϕ) + Size(ψ) + 1
 Size(Kaϕ) = Size(ϕ) + 1
 Size([ϕ]ψ) = Size(ϕ) + 3 · Size(ψ)
 Size(✷ϕ) = Size(ϕ) + 1
7KH✷GHSWK RI D IRUPXODϕ LQ V\PEROV d✷(ϕ) LV WKH QRQQHJDWLYH LQWHJHU LQGXFWLYHO\
GHILQHG DV IROORZV
 d✷(p) = 0
 d✷(⊥) = 0
 d✷(¬ϕ) = d✷(ϕ)
 d✷(ϕ ∨ ψ) = PD[{d✷(ϕ), d✷(ψ)}
 d✷(Kaϕ) = d✷(ϕ)
 d✷([ϕ]ψ) = d✷(ϕ) + d✷(ψ)
 d✷(✷ϕ) = d✷(ϕ) + 1
:H GHILQH WKH ELQDU\ UHODWLRQV <Size <d✷  DQG <Sized✷ EHWZHHQ IRUPXODV LQ WKH IROORZLQJ ZD\
 ϕ <Size ψ LII Size(ϕ) < Size(ψ)
 ϕ <d✷ ψ LII d✷(ϕ) < d✷(ψ)
 ϕ <Sized✷ ψ LII HLWKHU d✷(ϕ) < d✷(ψ) RU d✷(ϕ) = d✷(ψ) DQG Size(ϕ) <
Size(ψ)
7KH QH[W WZR OHPPDV FRPELQH D QXPEHU RI UHVXOWV RQ WKHVH ELQDU\ UHODWLRQV
7KHLU SURRIV DUH REYLRXV DQG KDYH EHHQ RPLWWHG
/HPPD  /HW ϕ,ψ EH IRUPXODV
 <Size LV D ZHOOIRXQGHG VWULFW SDUWLDO RUGHU EHWZHHQ IRUPXODV
 <d✷ LV D ZHOOIRXQGHG VWULFW SDUWLDO RUGHU EHWZHHQ IRUPXODV
 <Sized✷ LV D ZHOOIRXQGHG VWULFW SDUWLDO RUGHU EHWZHHQ IRUPXODV
 ,I ϕ <Sub ψ WKHQ ϕ <Size ψ
 ,I ϕ <Sub ψ WKHQ ϕ <Sized✷ ψ
 ,I ϕ LV HSLVWHPLF WKHQ d✷(ϕ) = 0
 ,I ψ LV HSLVWHPLF WKHQ [ψ]ϕ <Sized✷ ✷ϕ
/HPPD  /HW ϕ,ψ, χ EH IRUPXODV DQG a ∈ Agt
 ¬[ϕ]ψ <Size [ϕ]¬ψ
 Ka[ϕ]ψ <Size [ϕ]Kaψ
 [¬[ϕ]¬ψ]χ <Size [ϕ][ψ]χ
7KH UHODWLRQ <Size KDV EHHQ WDLORUHG LQ RUGHU WR HQVXUH H[DFWO\ WKH SURSHUWLHV RI
/HPPD  :LWKRXW WKH FXULRXV IDFWRU 3 LQ Size([ϕ]ψ) = Size(ϕ)+3 ·Size(ψ) WKHVH
SURSHUWLHV ZRXOG QRW KROG *LYHQ WKH SUHYLRXV OHPPDV ZH FDQ QRZ OLVW DOO WKH FDVHV
ODWHU XVHG LQ WKH 7UXWK /HPPD
&RUROODU\  ,Q FDVHV (∗) DQG (∗∗) ϕ LV HSLVWHPLF
ϕ <Sized✷ ¬ϕ ϕ <
Size
d✷
[ϕ]p ϕ <Sized✷ [ϕ]Kaψ







ψ <Sized✷ ϕ ∨ ψ ϕ <
Size
d✷
[ϕ]¬ψ [¬[ϕ]¬ψ]χ <Sized✷ [ϕ][ψ]χ
ϕ <Sized✷ Kaϕ [ϕ]ψ <
Size
d✷
[ϕ]¬ψ [χ][ϕ]ψ <Sized✷ [χ]✷ψ (∗∗)




[ϕ]χ <Sized✷ [ϕ](ψ ∨ χ)
'HILQLWLRQ  1HFHVVLW\ IRUP 1RZ OHW XV FRQVLGHU D QHZ DWRP GHQRWHG ♯ 7KH VHW
NF RI QHFHVVLW\ IRUPV ZLWK W\SLFDO PHPEHUV GHQRWHG ξ(♯) ξ′(♯) HWF LV LQGXFWLYHO\
GHILQHG DV IROORZV²ZKHUH ϕ LV D IRUPXOD
ξ(♯) ::= ♯ | ϕ→ ξ(♯) | Kaξ(♯) | [ϕ]ξ(♯).
,W LV ZHOO ZRUWK QRWLQJ WKDW LQ HDFK QHFHVVLW\ IRUP ξ WKH QHZ DWRP ♯ KDV D XQLTXH
RFFXUUHQFH 7KH UHVXOW RI WKH UHSODFHPHQW RI ♯ LQ LWV SODFH LQ ξ ZLWK D IRUPXOD ψ LV D
IRUPXOD ZKLFK ZLOO EH GHQRWHG ξ(ψ) ,W LV LQGXFWLYHO\ GHILQHG DV IROORZV
 ♯(ψ) = ψ
 (ϕ→ ξ)(ψ) = ψ → ξ(ψ)
 (Kaξ)(ϕ) = Kaξ(ϕ)
 ([ϕ]ξ)(ψ) = [ϕ]ξ(ψ)
 6HPDQWLFV
:H LQWURGXFH WKH VWUXFWXUHV DQG JLYH D VHPDQWLFV IRU WKH ORJLFDO ODQJXDJH RQ WKHVH
VWUXFWXUHV 7KH PDWHULDO LQ WKLV VHFWLRQ DV DOVR WKH ORJLFDO ODQJXDJH LQ WKH SUHYLRXV
VHFWLRQ DQG WKH D[LRPDWL]DWLRQ LQ WKH QH[W VHFWLRQ LV DV LQ >@
'HILQLWLRQ  0RGHO $ PRGHO M = (W,R, V ) FRQVLVWV RI D QRQHPSW\ GRPDLQ
W  DQ DFFHVVLELOLW\ IXQFWLRQ R : Agt → P(W ×W ) DVVRFLDWLQJ WR HDFK a ∈ Agt
DQ HTXLYDOHQFH UHODWLRQ R(a) RQ W  DQG D YDOXDWLRQ IXQFWLRQ V : Atm → P(W )
ZKHUH V (p) GHQRWHV WKH YDOXDWLRQ RI DWRP p )RU R(a) ZH ZULWH Ra
'HILQLWLRQ  6HPDQWLFV $VVXPH D PRGHOM = (W,R, V ) :H LQGXFWLYHO\ GHILQH
WKH WUXWK VHW ‖ ϕ ‖M
w ∈ ‖ ⊥ ‖M LII QHYHU
w ∈ ‖ p ‖M LII w ∈ V (p)
w ∈ ‖ ¬ϕ ‖M LII w 6∈ ‖ ϕ ‖M
w ∈ ‖ ϕ ∨ ψ ‖M LII w ∈ ‖ ϕ ‖M RU w ∈ ‖ ψ ‖M
w ∈ ‖ Kaϕ ‖
M LII IRU DOO v,Ra(w, v) LPSOLHV v ∈ ‖ ϕ ‖M
w ∈ ‖ [ϕ]ψ ‖M LII w ∈ ‖ ϕ ‖M LPSOLHV w ∈ ‖ ψ ‖Mϕ
w ∈ ‖ ✷ψ ‖M LII IRU DOO HSLVWHPLF ϕ,w ∈ ‖ [ϕ]ψ ‖M
ZKHUH PRGHOMϕ = (W ′, R′, V ′) LV VXFK WKDW
W ′ = ‖ ϕ ‖M,
R′a = Ra ∩ (‖ ϕ ‖
M × ‖ ϕ ‖M),
V ′(p) = V (p)∩ ‖ ϕ ‖M .
 $[LRPDWL]DWLRQ
$Q D[LRPDWLF V\VWHP FRQVLVWV RI D FROOHFWLRQ RI D[LRPV DQG D FROOHFWLRQ RI LQIHU
HQFH UXOHV /HW XV FRQVLGHU WKH IROORZLQJ D[LRPDWLF V\VWHP
'HILQLWLRQ  $[LRPDWL]DWLRQ APAL
(A0) DOO LQVWDQWLDWLRQV RI SURSRVLWLRQDO WDXWRORJLHV
(A1) Ka(ϕ→ ψ)→ (Kaϕ→ Kaψ)
(A2) [ϕ](ψ → χ)→ ([ϕ]ψ → [ϕ]χ)




(A7) [ϕ]p↔ (ϕ→ p)
(A8) [ϕ]⊥ ↔ ¬ϕ
(A9) [ϕ]¬ψ ↔ (ϕ→ ¬[ϕ]ψ)
(A10) [ϕ](ψ ∨ χ)↔ [ϕ]ψ ∨ [ϕ]χ
(A11) [ϕ]Kaψ ↔ (ϕ→ Ka[ϕ]ψ)
(A12) [ϕ][ψ]χ↔ [〈ϕ〉ψ]χ
(A13) LI ψ LV HSLVWHPLF WKHQ ✷ϕ→ [ψ]ϕ




(R4) ({ξ([ψ]ϕ) ψ LV HSLVWHPLF}, ξ(✷ϕ))
/HW APAL EH WKH OHDVW VXEVHW RI Lapal FRQWDLQLQJ (A0)±(A13) DQG FORVHG XQGHU
(R0)±(R4) $Q HOHPHQW RI APAL LV FDOOHG D WKHRUHP
$[LRPDWL]DWLRQV ZLWK LQILQLWDU\ UXOHV VXFK DV (R4) DUH OHVV FRPPRQ WKDQ ILQLWDU\
D[LRPDWL]DWLRQV :H WKHUHIRUH HODERUDWH VRPHZKDW RQ WKHLU GLIIHUHQFHV
,Q WKH RUGLQDU\ VHWWLQJ RI LQWHUPHGLDWH ORJLFV DQG PRGDO ORJLFV DQ LQIHUHQFH UXOH
LV DQ H[SUHVVLRQ RI WKH IRUP
ϕ1(p1, . . . , pn), . . . , ϕm(p1, . . . , pn)
ψ(p1, . . . , pn)
ZKHUH ϕ1(p1, . . . , pn) . . . ϕm(p1, . . . , pn) DQG ψ(p1, . . . , pn) DUH IRUPXODV EXLOW XS
IURP DWRPV p1 . . . pn 6XFK D UXOH LV RUGLQDULO\ XVHG E\ UHSODFLQJ WKHVH DWRPV E\ DQ\
NLQG RI IRUPXODV WKDW LV WR VD\ LI WKH IRUPXODV ϕ1(χ1, . . . , χn) . . . ϕm(χ1, . . . , χn)
DUH GHULYDEOH IRU VRPH IRUPXODV χ1 . . . χn WKHQ WKH IRUPXOD ψ(χ1, . . . , χn) LV GHULY
DEOH WRR 6HH > &KDSWHU 1@ IRU GHWDLOV DERXW LQIHUHQFH UXOHV LQ IRUPDO ORJLF V\VWHPV
$V D UHVXOW VWULFWO\ VSHDNLQJ RXU UXOH (R4) LV QRW DQ LQIHUHQFH UXOH PDLQO\ EHFDXVH
LW LV DQ LQILQLWDU\ UXOH 7KHUH H[LVWV DOUHDG\ PDQ\ D[LRPDWLF V\VWHPV LQ 7KHRUHWLFDO
&RPSXWHU 6FLHQFH DQG $UWLILFLDO ,QWHOOLJHQFH WKDW XVH LQILQLWDU\ UXOHV WKH LQILQLWDU\
PRGDO ORJLF FRQVLGHUHG E\ *ROGEODWW > &KDSWHU 9@ WKH LWHUDWLRQIUHH SURSRVLWLRQDO
G\QDPLF ORJLF ZLWK LQWHUVHFWLRQ D[LRPDWL]HG LQ >@ WKH ILUVWRUGHU G\QDPLF ORJLF GH
YHORSHG LQ > &KDSWHU 3@ WKH FRPPRQ NQRZOHGJH ORJLFV FRQVLGHUHG LQ >@ HWF :KDW
GRHV LW PHDQ IRU D UXOH OLNH RXU UXOH (R4) WR EH LQILQLWDU\" 6LPSO\ WKH IROORZLQJ
EHIRUH EHLQJ DOORZHG WR XVH WKH UXOH (R4) IRU FRQFOXGLQJ WKDW WKH IRUPXOD ξ(✷ϕ)
EHORQJV WR WKH VHW RI DOO APAL¶V WKHRUHPV RQH KDV WR PDNH VXUH WKDW DOO IRUPXODV RI
WKH IRUP ξ([ψ]ϕ) DOVR EHORQJ WR WKH VHW RI DOO APAL¶V WKHRUHPV IRU HDFK HSLVWHPLF
IRUPXOD ψ $V WKH VHW RI DOO HSLVWHPLF IRUPXODV LV LQILQLWH WKH VHW RI DOO APAL¶V
WKHRUHPV FDQQRW EH GHILQHG E\ FRQVLGHULQJ WKH RUGLQDU\ QRWLRQ RI D GHULYDWLRQ DV D
ILQLWH VHTXHQFH RI IRUPXODV ZKHUH HDFK PHPEHU LV HLWKHU DQ LQVWDQFH RI DQ D[LRP RU
REWDLQHG IURP SUHYLRXV PHPEHUV RI WKH VHTXHQFH E\ PHDQV RI VRPH LQIHUHQFH UXOH ,Q
IDFW LQ WKH VHWWLQJ RI RXU D[LRPDWLF V\VWHP WKH VHW RI DOOAPAL¶V WKHRUHPV LV WKH OHDVW
VHW RI IRUPXODV WKDW FRQWDLQV D[LRPV (A0)±(A13) DQG WKDW LV FORVHG XQGHU LQIHUHQFH
UXOHV (R0)±(R4)
)LQLWDU\ YDULDQWV RI (R4) KDYH EHHQ DOVR FRQVLGHUHG LQ > 6HFWLRQ 4.3@ $V
SURYHG E\ %DOELDQL HW DO DOO WKHVH YDULDQWV GHILQH WKH VDPH VHW RI WKHRUHPV DV WKH
D[LRPDWLF V\VWHP EDVHG RQ D[LRPV (A0)±(A13) DQG LQIHUHQFH UXOHV (R0)±(R4) 7KH
PRVW FRQYHQLHQW IRUP IRU WKH FRPSOHWHQHVV SURRI LV WKH XQGHUO\LQJ D[LRPDWL]DWLRQ
ZLWK WKH LQILQLWDU\ UXOH (R4) :H IXUWKHU QRWH WKDW WKH D[LRPV (A3) DQG (A8) DQG
WKH UXOH (R3) LQ WKH D[LRPDWL]DWLRQ APAL DUH GHULYDEOH IURP WKH RWKHU D[LRPV DQG
UXOHV $JDLQ VHH >@ IRU GHWDLOV
 &DQRQLFDO PRGHO
'HILQLWLRQ  7KHRU\ $ VHW x RI IRUPXODV LV FDOOHG D WKHRU\ LII LW VDWLVILHV WKH IRO
ORZLQJ FRQGLWLRQV
 x FRQWDLQV APAL
 x LV FORVHG XQGHU (R0) DQG (R4)
$ WKHRU\ x LV VDLG WR EH FRQVLVWHQW LII ⊥ 6∈ x $ VHW x RI IRUPXODV LV PD[LPDO LII IRU
DOO IRUPXODV ϕ ϕ ∈ x RU ¬ϕ ∈ x
2EYLRXVO\ WKH VPDOOHVW WKHRU\ LV APAL ZKHUHDV WKH ODUJHVW WKHRU\ LV Lapal
7KH RQO\ LQFRQVLVWHQW WKHRU\ LV Lapal 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW D WKHRU\ x
LV FRQVLVWHQW LII IRU DOO IRUPXODV ϕ ϕ 6∈ x RU ¬ϕ 6∈ x 0RUHRYHU IRU DOO PD[LPDO
FRQVLVWHQW WKHRULHV x
 ⊥ 6∈ x
 ¬ϕ ∈ x LII ϕ 6∈ x
 (ϕ ∨ ψ) ∈ x LII ϕ ∈ x RU ψ ∈ x
7KHRULHV DUH FORVHG XQGHU (R0) DQG (R4) EXW QRW XQGHU WKH GHULYDWLRQ UXOHV (R1)
(R2) DQG (R3) IRU D VSHFLILF UHDVRQ 2EYLRXVO\ E\ GHILQLWLRQ DOO GHULYDWLRQ UXOHV
SUHVHUYH WKHRUHPV 6HPDQWLFDOO\ ZH FRXOG VD\ WKDW WKH\ DOO SUHVHUYH YDOLGLWLHV 1RZ
XQOLNH (R1) (R2) DQG (R3) WKH GHULYDWLRQ UXOHV (R0) DQG (R4) DOVR SUHVHUYH WUXWKV
7KDW LV WKH UHDVRQ ,Q WKH VHWWLQJ RI RXU D[LRPDWL]DWLRQ EDVHG RQ WKH LQILQLWDU\ UXOH
5 ZH ZLOO VD\ WKDW D VHW x RI IRUPXODV LV FRQVLVWHQW LII WKHUH H[LVWV D FRQVLVWHQW
WKHRU\ y VXFK WKDW x ⊆ y 2EYLRXVO\ PD[LPDO FRQVLVWHQW WKHRULHV DUH PD[LPDO FRQ
VLVWHQW VHWV RI IRUPXODV 8QGHU WKH JLYHQ GHILQLWLRQ RI FRQVLVWHQF\ IRU VHWV RI IRUPXODV
PD[LPDO FRQVLVWHQW VHWV RI IRUPXODV DUH DOVR PD[LPDO FRQVLVWHQW WKHRULHV
'HILQLWLRQ  )RU DOO IRUPXODV ϕ DQG IRU DOO a ∈ Agt OHW
x+ ϕ = {ψ : ϕ→ ψ ∈ x},
Kax = {ϕ : Kaϕ ∈ x},
[ϕ]x = {ψ : [ϕ]ψ ∈ x}.
7KH SURRIV RI WKH IROORZLQJ OHPPDV FDQ EH IRXQG LQ >@ /HPPDV 4.11 DQG 4.12
/HPPD  /HW ϕ EH D IRUPXOD DQG a ∈ Agt )RU DOO WKHRULHV x
 x+ ϕ LV D WKHRU\ FRQWDLQLQJ x DQG ϕ
 [ϕ]x LV D WKHRU\
 Kax LV D WKHRU\
/HPPD  /HW ϕ EH D IRUPXOD )RU DOO WKHRULHV x x+ ϕ LV FRQVLVWHQW LII ¬ϕ 6∈ x
/HPPD  (DFK FRQVLVWHQW WKHRU\ FDQ EH H[WHQGHG WR D PD[LPDO FRQVLVWHQW WKHRU\
7KH SURRI RI WKH QH[W OHPPD XVHV D[LRPV (A4)±(A6)
/HPPD  /HW a ∈ Agt )RU DOO PD[LPDO FRQVLVWHQW WKHRULHV x, y, z
 Kax ⊆ x
 LIKax ⊆ y DQGKay ⊆ z WKHQKax ⊆ z
 LIKax ⊆ y WKHQKay ⊆ x
1H[W OHPPD LV XVXDOO\ FDOOHG ³'LDPRQG /HPPD´ ,WV SURRI LV YHU\ FODVVLFDO DQG
XVHV /HPPDV   DQG 
/HPPD  /HW ϕ EH D IRUPXOD DQG a ∈ Agt )RU DOO WKHRULHV x LI Kaϕ 6∈ x WKHQ
WKHUH H[LVWV D PD[LPDO FRQVLVWHQW WKHRU\ y VXFK WKDWKax ⊆ y DQG ϕ 6∈ y
7KH QH[W WKUHH OHPPDV ZHUH QRW IRXQG LQ >@
/HPPD  /HW ϕ EH D IRUPXOD )RU DOO PD[LPDO FRQVLVWHQW WKHRULHV x LI ϕ ∈ x WKHQ
[ϕ]x LV D PD[LPDO FRQVLVWHQW WKHRU\
3URRI 6XSSRVH ϕ ∈ x ,I [ϕ]x LV QRW FRQVLVWHQW WKHQ ⊥ ∈ [ϕ]x +HQFH [ϕ]⊥ ∈
x 7KXV ¬ϕ ∈ x 6LQFH x LV FRQVLVWHQW ϕ 6∈ x D FRQWUDGLFWLRQ ,I [ϕ]x LV QRW
PD[LPDO WKHQ WKHUH H[LVWV D IRUPXODψ VXFK WKDWψ 6∈ [ϕ]x DQG¬ψ 6∈ [ϕ]x 7KHUHIRUH
[ϕ]ψ 6∈ x DQG [ϕ]¬ψ 6∈ x 6LQFH x LV PD[LPDO ¬[ϕ]ψ ∈ x DQG ¬[ϕ]¬ψ ∈ x
&RQVHTXHQWO\ ¬([ϕ]ψ∨ [ϕ]¬ψ) ∈ x +HQFH XVLQJ (A10) ¬[ϕ](ψ∨¬ψ) ∈ x 6LQFH
x LV FRQVLVWHQW [ϕ](ψ ∨ ¬ψ) 6∈ x 6LQFH ψ ∨ ¬ψ ∈ APAL [ϕ](ψ ∨ ¬ψ) ∈ APAL
7KXV [ϕ](ψ ∨ ¬ψ) ∈ x D FRQWUDGLFWLRQ 
/HPPD  /HW ϕ,ψ EH IRUPXODV )RU DOO PD[LPDO FRQVLVWHQW WKHRULHV x 〈ϕ〉ψ ∈ x
LII ϕ ∈ x DQG ψ ∈ [ϕ]x
3URRI (⇒) 6XSSRVH 〈ϕ〉ψ ∈ x +HQFH 〈ϕ〉⊤ ∈ x 7KXV XVLQJ (A8) ϕ ∈ x %\
/HPPD  [ϕ]x LV D PD[LPDO FRQVLVWHQW WKHRU\ 6XSSRVH ψ 6∈ [ϕ]x 6LQFH [ϕ]x LV
PD[LPDO ¬ψ ∈ [ϕ]x 7KHUHIRUH [ϕ]¬ψ ∈ x &RQVHTXHQWO\ ¬〈ϕ〉ψ ∈ x 6LQFH x LV
FRQVLVWHQW 〈ϕ〉ψ 6∈ x D FRQWUDGLFWLRQ
(⇐) 6XSSRVH ϕ ∈ x DQG ψ ∈ [ϕ]x %\ /HPPD  [ϕ]x LV D PD[LPDO FRQVLVWHQW
WKHRU\ 6XSSRVH 〈ϕ〉ψ 6∈ x 6LQFH x LV PD[LPDO ¬〈ϕ〉ψ ∈ x +HQFH [ϕ]¬ψ ∈ x
7KXV ¬ψ ∈ [ϕ]x 6LQFH [ϕ]x LV FRQVLVWHQW ψ 6∈ [ϕ]x D FRQWUDGLFWLRQ 
/HPPD  /HW ϕ EH D IRUPXOD DQG a ∈ Agt )RU DOO WKHRULHV x LI ϕ ∈ x WKHQ
Ka[ϕ]x = [ϕ]Kax
3URRI 6XSSRVH ϕ ∈ x )RU DOO IRUPXODV ψ WKH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH
IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW
 ψ ∈ Ka[ϕ]x
 Kaψ ∈ [ϕ]x
 [ϕ]Kaψ ∈ x
 ϕ→ Ka[ϕ]ψ ∈ x
 Ka[ϕ]ψ ∈ x
 [ϕ]ψ ∈ Kax
 ψ ∈ [ϕ]Kax

'HILQLWLRQ  &DQRQLFDO PRGHO 7KH FDQRQLFDO PRGHOMc = (W c, Rc, V c) LV GH
ILQHG DV IROORZV
 W c LV WKH VHW RI DOO PD[LPDO FRQVLVWHQW WKHRULHV
 Rc LV WKH IXQFWLRQ DVVLJQLQJ WR HDFK DJHQW a WKH ELQDU\ UHODWLRQ Rca RQW c GH
ILQHG DV
xRcay LIIKax ⊆ y;
 V c LV WKH IXQFWLRQ DVVLJQLQJ WR HDFK DWRP p WKH VXEVHW V c(p) RIW c GHILQHG DV
x ∈ V c(p) LII p ∈ x.
,W ZLOO EH FOHDU WKDW WKH FDQRQLFDO PRGHO LV D PRGHO DFFRUGLQJ WR 'HILQLWLRQ  %\
/HPPD  W c LV D QRQHPSW\ VHW DQG E\ /HPPD  WKH ELQDU\ UHODWLRQ Rc(a) LV DQ
HTXLYDOHQFH UHODWLRQ RQW c IRU HDFK DJHQW a
 &RPSOHWHQHVV
7KHPDLQ UHVXOW RI WKLV 6HFWLRQ LV WKH SURRI RIAPAL¶V 7UXWK /HPPD /HPPD 
7KLV SURRI LV GLIIHUHQW IURP DQG VLPSOHU WKDQ WKH SURRI SUHVHQWHG LQ >@
'HILQLWLRQ  /HW ϕ EH D IRUPXOD &RQGLWLRQ P (ϕ) LV GHILQHG DV IROORZV
IRU DOO PD[LPDO FRQVLVWHQW WKHRULHV x ϕ ∈ x LII x ∈ ‖ ϕ ‖Mc 
&RQGLWLRQ H(ϕ) LV GHILQHG DV IROORZV
IRU DOO IRUPXODV ψ LI ψ <Sized✷ ϕ WKHQ P (ψ)
2XU QHZ SURRI RI APAL¶V 7UXWK /HPPD LV GRQH E\ XVLQJ DQ <Sized✷ LQGXFWLRQRQ IRUPXODV 0RUH SUHFLVHO\ ZH ZLOO GHPRQVWUDWH WKDW
/HPPD  )RU DOO IRUPXODV ϕ LI H(ϕ) WKHQ P (ϕ)
3URRI 6XSSRVH H(ϕ) /HW x EH D PD[LPDO FRQVLVWHQW WKHRU\ :H FRQVLGHU WKH IRO
ORZLQJ 13 FDVHV
&DVH ϕ = p P (p) KROGV DV p ∈ x LII x ∈ ‖ p ‖Mc  E\ WKH GHILQLWLRQ RI WKH FDQRQLFDO
PRGHO DQG WKH VHPDQWLFV RI SURSRVLWLRQDO DWRPV
&DVH ϕ = ⊥ P (⊥) KROGV DV ⊥ 6∈ x DQG x 6∈ ‖ ⊥ ‖Mc  E\ WKH GHILQLWLRQ RI WKH
FDQRQLFDO PRGHO DQG WKH VHPDQWLFV RI ⊥
&DVH ϕ = ¬ψ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH HTXLYD
OHQW 7KH LQGXFWLRQ XVLQJ<Sized✷ LV XVHG EHWZHHQ VWHS  DQG VWHS  $ VLPLODU LQGXFWLYHDUJXPHQW LV DOVR XVHG LQ DOO IROORZLQJ FDVHV
 ¬ψ ∈ x
 ψ 6∈ x
 x 6∈ ‖ ψ ‖Mc 
 x ∈ ‖ ¬ψ ‖Mc 
+HQFH ¬ψ ∈ x LII x ∈ ‖ ¬ψ ‖Mc 
&DVH ϕ = ψ ∨ χ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW
 ψ ∨ χ ∈ x
 ψ ∈ x RU χ ∈ x
 x ∈ ‖ ψ ‖Mc  RU x ∈ ‖ χ ‖Mc 
 x ∈ ‖ ψ ∨ χ ‖Mc 
+HQFH ψ ∨ χ ∈ x LII x ∈ ‖ ψ ∨ χ ‖Mc 
&DVH ϕ = Kaψ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW 7KH LPSOLFDWLRQ IURP VWHS  WR VWHS  LV E\ /HPPD 
 Kaψ ∈ x
 IRU DOO PD[LPDO FRQVLVWHQW WKHRULHV y LIKax ⊆ y WKHQ ψ ∈ y
 IRU DOO PD[LPDO FRQVLVWHQW WKHRULHV y LI xRc(a)y WKHQ y ∈ ‖ ψ ‖Mc 
 x ∈ ‖ Kaψ ‖Mc 
+HQFHKaψ ∈ x LII x ∈ ‖ Kaψ ‖Mc 
&DVH ϕ = [ψ]p 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH HTXLY
DOHQW %HWZHHQ VWHS  DQG VWHS  XVH D[LRP (A7) [ψ]p↔ (ψ → p) VR WKDW [ψ]p ∈ x
LII ψ → p ∈ x VLPLODU MXVWLILFDWLRQV DSSO\ LQ WKH RWKHU FDVHV RI IRUP [ψ]χ
 [ψ]p ∈ x
 ψ 6∈ x RU p ∈ x
 x 6∈ ‖ ψ ‖Mc  RU x ∈ ‖ p ‖Mc 
 x ∈ ‖ [ψ]p ‖Mc 
+HQFH [ψ]p ∈ x LII x ∈ ‖ [ψ]p ‖Mc 
&DVH ϕ = [ψ]⊥ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW
 [ψ]⊥ ∈ x
 ψ 6∈ x
 x 6∈ ‖ ψ ‖Mc 
 x ∈ ‖ [ψ]⊥ ‖Mc 
+HQFH [ψ]⊥ ∈ x LII x ∈ ‖ [ψ]⊥ ‖Mc 
&DVH ϕ = [ψ]¬χ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW ,Q WKH FUXFLDO HTXLYDOHQFH EHWZHHQ VWHS  DQG  ZH XVH WKDW ¬[ψ]χ <Sized✷
[ψ]¬χ D FRQVHTXHQFH RI /HPPD  WKH d✷ GHSWK LV WKH VDPH IRU ERWK IRUPXODV
 [ψ]¬χ ∈ x
 ψ 6∈ x RU ¬[ψ]χ ∈ x
 x 6∈ ‖ ψ ‖Mc  RU x ∈ ‖ ¬[ψ]χ ‖Mc 
 x ∈ ‖ [ψ]¬χ ‖Mc 
+HQFH [ψ]¬χ ∈ x LII x ∈ ‖ [ψ]¬χ ‖Mc 
&DVH ϕ = [ψ](χ ∨ θ) 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW
 [ψ](χ ∨ θ) ∈ x
 [ψ]χ ∈ x RU [ψ]θ ∈ x
 x ∈ ‖ [ψ]χ ‖Mc  RU x ∈ ‖ [ψ]θ ‖Mc
 x ∈ ‖ [ψ](χ ∨ θ) ‖Mc 
+HQFH [ψ](χ ∨ θ) ∈ x LII x ∈ ‖ [ψ](χ ∨ θ) ‖Mc 
&DVH ϕ = [ψ]Kaχ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW DJDLQ D FUXFLDO VWHS LV EHWZHHQ  DQG  ZKHUH ZH FDQ XVH LQGXFWLRQ RQ
Ka[ψ]χ EHFDXVH RI /HPPD 
 [ψ]Kaχ ∈ x
 ψ 6∈ x RUKa[ψ]χ ∈ x
 x 6∈ ‖ ψ ‖Mc  RU x ∈ ‖ Ka[ψ]χ ‖Mc 
 x ∈ ‖ [ψ]Kaχ ‖Mc 
+HQFH [ψ]Kaχ ∈ x LII x ∈ ‖ [ψ]Kaχ ‖Mc 
&DVH ϕ = [ψ][χ]θ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW DQG RQFH PRUH D FUXFLDO VWHS LV EHWZHHQ  DQG  ZKHUH ZH XVH /HPPD

 [ψ][χ]θ ∈ x
 [¬[ψ]¬χ]θ ∈ x
 x ∈ ‖ [¬[ψ]¬χ]θ ‖Mc 
 x ∈ ‖ [ψ][χ]θ ‖Mc 
+HQFH [ψ][χ]θ ∈ x LII x ∈ ‖ [ψ][χ]θ ‖Mc 
&DVH ϕ = [ψ]✷χ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH
HTXLYDOHQW %HWZHHQ  DQG  ZH XVH GHULYDWLRQ UXOH (R4) RQ WKH QHFHVVLW\ IRUP
[ψ][θ]χ LH ([ψ]♯)([θ]χ) DQG FORVXUH RI PD[LPDO FRQVLVWHQW VHWV XQGHU (R4) %H
WZHHQ VWHS  DQG VWHS  ZH XVH WKH FRPSOH[LW\ PHDVXUH <Sized✷  ZKHUH ZH QRZVLPSO\ REVHUYH WKDW [ψ]✷χ FRQWDLQV RQH ✷ OHVV WKDQ [ψ][θ]χ %HWZHHQ VWHS  DQG
VWHS  ZH XVH WKH VHPDQWLFV RI DUELWUDU\ DQQRXQFHPHQWV ✷ DQG RI DQQRXQFHPHQWV
[ψ] ZH QRWH WKDW x ∈ ‖ [ψ][θ]χ ‖Mc LV E\ WKH VHPDQWLFV HTXLYDOHQW WR x ∈ ‖ ψ ‖Mc
LPSOLHV x ∈ ‖ [θ]χ ‖(Mc)ψ 
 [ψ]✷χ ∈ x
 IRU DOO HSLVWHPLF IRUPXODV θ [ψ][θ]χ ∈ x
 IRU DOO HSLVWHPLF IRUPXODV θ x ∈ ‖ [ψ][θ]χ ‖Mc 
 x ∈ ‖ [ψ]✷χ ‖Mc 
+HQFH [ψ]✷χ ∈ x LII x ∈ ‖ [ψ]✷χ ‖Mc 
&DVH ϕ = ✷ψ 7KH UHDGHU PD\ HDVLO\ YHULI\ WKDW WKH IROORZLQJ FRQGLWLRQV DUH HTXLY
DOHQW 7KH HTXLYDOHQFH EHWZHHQ VWHS  DQG VWHS  IROORZV IURP WKH IDFW WKDW IRU DOO
HSLVWHPLF IRUPXODV χ [χ]ψ <Sized✷ ✷ψ
 ✷ψ ∈ x
 IRU DOO HSLVWHPLF IRUPXODV χ [χ]ψ ∈ x
 IRU DOO HSLVWHPLF IRUPXODV χ x ∈ ‖ [χ]ψ ‖Mc 
 x ∈ ‖ ✷ψ ‖Mc 
+HQFH ✷ψ ∈ x LII x ∈ ‖ ✷ψ ‖Mc  
/HPPD  7UXWK /HPPD /HW ϕ EH D IRUPXOD )RU DOO PD[LPDO FRQVLVWHQW WKHRULHV
x
ϕ ∈ x LII x ∈ ‖ ϕ ‖Mc .
3URRI %\ /HPPD  XVLQJ WKH ZHOOIRXQGHGQHVV RI WKH VWULFW SDUWLDO RUGHU <Sized✷EHWZHHQ IRUPXODV 
1RZ ZH DUH UHDG\ WR SURYH WKH FRPSOHWHQHVV RI APAL
3URSRVLWLRQ  )RU DOO IRUPXODV ϕ LI ϕ LV YDOLG WKHQ ϕ ∈ APAL
3URRI 6XSSRVH ϕ LV YDOLG DQG ϕ 6∈ APAL %\ /HPPDV   DQG  WKHUH H[LVWV D
PD[LPDO FRQVLVWHQW WKHRU\ x FRQWDLQLQJ ¬ϕ %\ /HPPD  x ∈ ‖ ¬ϕ ‖Mc  7KXV
x 6∈ ‖ ϕ ‖M
c  7KHUHIRUH ‖ ϕ ‖Mc 6= W c &RQVHTXHQWO\ ϕ LV QRW YDOLG D FRQWUDGLF
WLRQ 
 &RQFOXVLRQ
:HKDYH SURYLGHG DQ DOWHUQDWLYH VLPSOHU FRPSOHWHQHVV SURRI IRU WKH ORJLFAPAL
7KH SURRI LV FRQVLGHUHG VLPSOHU EHFDXVH LQ WKH FUXFLDO 7UXWK /HPPD ZH GR QRW QHHG
WR WDNH ILQLWH VHTXHQFHV RI DQQRXQFHPHQWV DORQJ ,QVWHDG LW FDQ SURFHHG E\ <Sized✷ LQGXFWLRQ RQ IRUPXODV :H FRQVLGHU WKLV UHVXOW XVHIXO DV WKH FRPSOHWHQHVV SURRIV RI
YDULRXV RWKHU ORJLFV HPSOR\LQJ DUELWUDU\ DQQRXQFHPHQWV RU RWKHU IRUPV RI TXDQWLIL\
LQJ RYHU DQQRXQFHPHQWV PD\ WKXV DOVR EH VLPSOLILHG DQG DV LW PD\ HQFRXUDJH WKH
GHYHORSPHQWV RI QRYHO ORJLFV ZLWK TXDQWLILFDWLRQ RYHU DQQRXQFHPHQWV
5HIHUHQFHV
>@ 3 %DOELDQL  ³3XWWLQJ ULJKW WKH ZRUGLQJ DQG WKH SURRI RI WKH 7UXWK /HPPD IRU
$3$/´ 0DQXVFULSW
>@ 3 %DOELDQL $ %DOWDJ + YDQ 'LWPDUVFK $ +HU]LJ 7 +RVKL DQG 7 ' /LPD 
³µ.QRZDEOH¶ DV µ.QRZQ DIWHU DQ DQQRXQFHPHQW¶´ 5HYLHZ RI 6\PEROLF /RJLF 
±
>@ 3 %DOELDQL DQG ' 9DNDUHORY  ³,WHUDWLRQIUHH 3'/ ZLWK LQWHUVHFWLRQ $ FRPSOHWH
D[LRPDWL]DWLRQ´ )XQGDPHQWD ,QIRUPDWLF   ±
>@ 5 *ROGEODWW 0DWKHPDWLFV RI 0RGDOLW\ 6WDQGRUG &DOLIRUQLD &6/, 3XEOLFDWLRQV
>@ ' +DUHO  )LUVW2UGHU '\QDPLF /RJLF 1HZ <RUN 6SULQJHU9HUODJ
>@ 0 .DQHNR 7 1DJDVKLPD 1< 6X]XNL DQG < 7DQDND  ³$ PDS RI FRPPRQ
NQRZOHGJH ORJLFV´ 6WXGLD /RJLFD  ±
>@ - 3OD]D  ³/RJLFV RI SXEOLF FRPPXQLFDWLRQV´3URFHHGLQJV RI WKH WK ,60,6 SS ±
 2DN 5LGJH 1DWLRQDO /DERUDWRU\
>@ 9 5\EDNRY  $GPLVVLELOLW\ RI /RJLFDO ,QIHUHQFH 5XOHV $PVWHUGDP (OVHYLHU 6FL
HQFH
